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About SageMathCell

SageMath(ell

Type some Sage code below and press Evaluate.

| f_,J

Language: Sage ¥
Evaluate

Type some Sage code below and press Evaluate.
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aen e i Al 5 QR Asale aladiuly il sina g dndeal) aa i ADA (e
AKAN 3 3eaY

s AL

Adacad) alibaal)

sage: 3 + 5

sage: 57.1 ~ 100
4.60904368661396e175

sage: matrix([[1,2], [3,41]1)"(-1)
[ -2 1]
[ 3/2 -1/2]



JalSill alag) 54l x daadll i) 5 symbolic variable s e swxie 2 5

Ix2(1+x)2 dx

sage: x = var('x")

sage: integrate(sqgrt(x)*sqgrt(l+x), x)

1/4* ((x + 1) (3/2)/x"(3/2) + sgrt(x +

1) /sgrt(x))/((x + 1)"2/x"2 - 2*(x + 1)/x + 1) -
1/8*log(sgrt(x + 1)/sqgrt(x) + 1) +
1/8*log(sgrt(x + 1)/sqgrt(x) - 1)

2rx=q Aalaal) Ja g g pprfie Cay gas

sage: a = var('a')
sage: S = solve(x™2 + x == a, X); S
[x == -1/2*sqgrt(4*a + 1) - 1/2, x ==

1/2*sqgrt(4*a + 1) - 1/2]
sage: S[0].rhs()
-1/2*sqrt (4*a + 1) - 1/2

x€|0,40] 58 e sin(x)+sin(1.6x) W pus

sage: show(plot(sin(x) + sin(l.6*x), 0, 40))



AN

-15

dakaall Clilual)

Agaal) e ) Jis e 500X500 Waled A5 pdie 251 (o jealic i3 4 has 1l 5
> Sage Baiu ) 8 sl il syl s Real Double Field (RDF) 431l 4de Lias
(b2

sage: m = random matrix (RDF,500)

sage: e = m.eigenvalues|() #about 2 seconds

Guaie 1000000! o LY 100x99x98x...x1 &) 100 s mae ) 100! 2
al 2.5 A alea

sage: factorial (100)
933262154439441526816992388562667004907159682643
816214685929638952175999932299156089414639761565



182862536979208272237582511852109168640000000000
00000000000000
sage: n = factorial (1000000)

Loae aaall ;LL;)&:SNQUA;‘X 2 100 Sis 7o dad Clua sl

sage: N(pi, digits=100)
3.1415926535897932384626433832795028841971693993
751058209749445923078164062862089986280348253421
17068

& (e Rational Field 4 &) dlae¥) Jia 61 QQ Jaall ey 5 x0 cpmsciall Cay o
5 e Adlal) L€y Alanll uSe a3 x99 4399 AlAll (A3 W) Jal s2ll) factor < sSiall alay)

expand 3

sage: R.<x,y> = QQI]

sage: F = factor(x799 + y799)

sage: I

(x + vy) * (x"2 - x*y + y*2) * (x"6 - x"3*y"3 +
vy o) *(x710 - x"9*y + x"BFy"2 - xNT* y"3 +
xNe*yt4d - xM5Fyth + xMFyte - xN3FyNT 4+ xN2*Fy”h8
- x*y"9 + y*10) *(x"20 + x"19*y - xM1T7*y"3 -



x*"1le*y"4d + x*14d*y"6 + xM13*y"T - xM11*yh9 -
x"10*y"10 - x"9*y"11 + xMNT7*yt13 + xMN6*Fytl4d -
xM*yrle - x"3*y*17 4+ x*y"19 + y*20) * (x760 +
X"57*yn3 = xMBh1*yt9 - xM8ryh12 + xM42*xyn18 +
xX"39*y"21 - x733*y"27 - x"30*y"30 - x"27*y"33 +
XMN21*y"39 + xM18*yt42 - xM12*xy™48 - x79*y”n51 +
x"3*y"57 + y*60)

sage: F.expand()

x"99 + y~99

Cilapaall G Jalil 5 Sae il Jlaals reaiy

sage: factor (-2007)
=1 = o2 = 223

sage: A = matrix (4,4, range(l6)); A
[ 0 1 2 3]
[ 4 5 6 7]
[ 8 9 10 11]
[12 13 14 15]

sage: factor (A.charpoly())



X"2 * (x"2 - 30*x - 80)
Integer Ring sl ¥ 77

= matrix(z7z,2, range(4))

m
sage: m[0,0] = m[0,0] - 3
m

sage
[-3 1]
[ 2 3]

sage: E = EllipticCurve([1,2,3,4,5]):

sage: Ek

Elliptic Curve defined by y"2 + x*y + 3*y = x73
+ 2*x"2 + 4*x + 5

over Rational Field

sage: E.anlist (10)

(@, 1, 1, @, =L, =3, 0, =1, =3, =3, =3]

sage: E.rank ()

1

sage: k = 1/(sqrt(3)*I + 3/4 + sqgrt(73)*5/9); k
36/ (20*sgrt (73) + 36*I*sqgrt(3) + 27)

sage: N (k)

0.165495678130644 - 0.0521492082074256*1

10



sage: N (k,30) # 30 "bits"

0.16549568 - 0.052149208*1I

sage: latex (k)

\frac{36} {20 \, \sgrt{73} + 36 i \, \sgrt{3} +
27}

sibead) 93 glawall g ALY

sage: a = 5
sage: a

5

sage: 2 ==
True

sage: 2 ==
False

sage: 2 < 3

True

sage: a ==

True

sage: 2**3 # ** means exponent

11



A

sage: 23 i is a synonym for ** (unlike
in Python)

8

sage: 10 $ 3 # for integer arguments, % means
mod, i.e., remainder

1

sage: 10/4

5/2

sage: 10//4 # for integer arguments, //

returns the integer quotient

2

sage: 4 * (10 // 4) + 10 & 4 == 10
True

sage: 372*4 + 2%5

38

sage: sqgrt(3.4)
1.84390889145858
sage: sin(5.135)
-0.912021158525540
sage: sin(pi/3)

1/2*sqgrt (3)

12



sage: exp(2)

en?2

sage: n(exp(2))

7.38905609893065

sage: sqgrt(pi) .numerical approx()
1.77245385090552

sage: sin(10) .n(digits=5)

-0.54402

sage: N(sin(10),digits=10)
-0.5440211109

sage: numerical approx(pi, prec=200)
3.1415926535897932384626433832795028841971693993
751058209749

sage: a = 5 # a is an integer

sage: type(a)

<type 'sage.rings.integer.Integer'>

sage: a = 5/3 # now a 1is a rational number
sage: type(a)

<type 'sage.rings.rational.Rational'>

sage: a = 'hello' # now a is a string
sage: type(a)

<type 'str'>

13



sage: 011

sage: 8 + 1

sage: n = 011

sage: n.str (8) # string representation of n 1in
base 8

111"

:SageMath (835 Luwal) 2l

sage: tan?

Type: <class
'sage.calculus.calculus.Function tan'>
Definition: tan( [noargspec] )

Docstring:

The tangent function

EXAMPLES:
sage: tan (pi)

0

14



sage: tan(3.1415)
-0.0000926535900581913
sage: tan(3.1415/4)
0.999953674278156
sage: tan(pi/4)
1
sage: tan(1/2)
tan(1/2)
sage: RR(tan(1/2))
0.546302489843790
sage: log2?
Type: <class
'sage.functions.constants.Log2'>
Definition: log2( [noargspec] )

Docstring:

The natural logarithm of the real number 2.

EXAMPLES:
sage: logZ2
log?2
sage: float(logZ2)
0.69314718055994529

15



sage: RR(1log2)

0.693147180559945

sage: R = RealField(200); R

Real Field with 200 bits of precision
sage: R(logZ2)

0.6931471805599453094172321214581765680755001343
6025525412068

sage: 1 = (1-1log2)/(1l+log2); 1

(1 = log(2))/(log(2) + 1)

sage: R (1)

0.1812322182992824994876138186465031142333060977
4776013488056
sage: maxima (log2)
log (2)
sage: maxima (log2) .float ()
.6931471805599453
sage: gp(log2)
0.6931471805599453094172321215
# 32-bit
0.69314718055994530941723212145817656807
# 64-bit

16



sage: sudoku?
File: sage/local/lib/python2.5/site-
packages/sage/games/sudoku.py

Type: <type 'function'>
Definition: sudoku (A)
Docstring:

Solve the 9x9 Sudoku puzzle defined by the

matrix A.

EXAMPLE:
sage: A = matrix(Zz,9,[5,0,0, 0,8,0,

0,4,9, 0,0,0, 5,0,0,

0,3,0, 0,6,7, 3,0,0, 0,0,1, 1,5,0, 0,0,0,
0,o0,0, 0,0,0, 2,0,8, 0,0,0,

¢,o0,0, 0,0,0, O0,1,8, 7,0,0, 0,0,4, 1,5,0,
0,3,0, 0,0,2,

c,0,0, 4,9,0, 0,5,0, 0,0,31)

sage: A

[5 0008 0 0 4 9]
[0O0 05000 3 0]
[06 73 0000 1]
[1 500000 0 0]

17



(000208 00 0]
(00 OO0 0001 8]
(7 00 00 415 0]
[0 3 00 0 2 0 0 0]
(4 9 0 0 50 0 0 3]

sage: sudoku (A)

(51 3 6 8 7 2 4 9]
(8 4 952 1 6 3 7]
(2 67 3 4 9 5 8 1]
(1 5846 3 9 7 2]
(9 7 4 2 1 8 3 6 5]
(3 2 6 79 5 4 1 8]
(7 8 2 9 3 41 5 6]
(6 3 51 7 2 8 9 4]
(4 91 8 5 6 7 2 3]

:Counting ) s Indentation A3)Al Jadl s Functions J) sl

sage: def is even(n):
R return ng2 ==
A2 Ca e def el 4K
indentation 31 Jrer e 5l aaalae 23a3 98 Python <X 5 Sage 3 e

sage: 1s even(2)

18



True
sage: 1s even(3)

False

sage: def is divisible by (number, divisor=2):
60008 return number%divisor ==

sage: 1s divisible by (6, 2)

sage: 1s divisible by (6)

sage: 1s divisible by (6, 5)

sage: 1s divisible by (6, divisor=b))
False
sage: 1s divisible by (divisor=2, number=6)

True

sage: def even(n):

e v = []

R for 1 in range(3,n):
et if 1 % 2 ==

19



ce v.append (1)
5000 ¢ return v
Syntax Error:

return v

even (n) : Sdull il A Sial return v Aeal) Ge g Waal)

e et for 1 in range(3,n):
cee if 1 % 2 ==

ce v.append (1)
506068 return v

sage: even (10)

(4, 6, 8]

moaaall Judll

20



JSY el calls iad ) 5 (L el ) (JU) ) 8 LIS ey dlas 8

sage:

for i in range(3):

print 1

(range plaiu 4uS bal ) for 3l

for i in range(2,5):

print 1

for i1 in range(1l,6,2):

print 1

for i in range(5):

21



0 0 0
1 1 1
2 4 8
3 9 277
4 16 64

sage: range(2,10)
(2, 3, 4, 5, 6, 7, 8, 9]

Aild (5 4S5
sage: v = [1, "hello", 2/3, sin(x"3)]

sage: Vv

[1, 'hello', 2/3, sin(x"3)]

(il e fay Aledudiall Al V) ol o) Y ) 0 4 aiy A6l 8 J5Y) uaind)

sage: v/[0]
1
sage: Vv /[3]

sin (x"3)

sage: len(v)

22



sage: v.append(1l.5)
Ll yaie ddly)
sage: Vv
[1, 'hello', 2/3, sin(x"3), 1.50000000000000]
sage: del v[1]
LAl e pale Cads
sage: VvV
[1, 2/3, sin(x”3), 1.50000000000000]
(Y 13gd 3Lkt s guw) dictionary us e (5SS

sage: d = {'hi':-2, 3/8:pi, e:pi}
sage: d['hi']

sage: d[e]
pi

gh“‘ B lN) Gl giuaal)

sage: A = Matrix([[1,2,3],[3,2,11,[(1,1,111)

sage: w = vector([1,1,-4])

W4l g A 48 ghina Cay yol

23



(-9, 1, =2)

sage: kernel (A)

Free module of degree 3 and rank 1 over Integer
Ring

Echelon basis matrix:

[ 1 1 -4]

sage: Y = vector ([0, -4, -1])
sage: X = A.solve right (Y)

sage: A * X # checking our answer...

AX=Y bl a5l Ja

sage: A = matrix([[O0, 4], [-1, 011)
sage: A.eigenvalues ()

[-2*I, 2*1I]

sage: B = matrix([[1, 3], [3, 1]1)
sage: B.eigenvectors left ()

24



sage: AZ = matrix(Zz, [[2,0], [0,1]11)
sage: AQ = matrix(QQ, [[2,0], [O0,1]])
sage: AR = matrix(RR, [[2,0], [0,1]1)

sage: AZ.echelon formf()

sage: AQ.echelon form()

[1 0]

[0 1]

sage: AR.echelon form()

[ 1.00000000000000 0.000000000000000]
[0.000000000000000 1.00000000000000]

Real Field with 53 bits of precision < 53 4y 4agall 2l )Y Jia RR

sage: ARDF = matrix(RDF, [[1.2, 21, [2, 311])
sage: ARDF.eigenvalues () # rel tol 8e-16
[-0.09317121994613098, 4.293171219946131]
sage: ACDF = matrix(CDF, [[1.2, I1, [2, 311])

sage: ACDF.eigenvectors right() # rel tol 3e-15

25



[ (0.8818456983293743 - 0.8209140653434135*1,
[ (0.75056008183809549, -0.616145932704589 +
0.2387941530333261*1)], 1),
(3.3181543016706256 + 0.8209140653434133*1T,
[(0.14559469829270957 + 0.3756690858502104*1T,
0.9152458258662108) ], 1)]

Complex Double Field 4uliidisds i 6 ¥ Jis CDF

Matrix spaces <t shaal) cijlad

Ay S 393y 3X3 Al il ild giiaall Matsxs(Q) sluad al 55 o gus

sage: M = MatrixSpace (QQ, 3)
sage: M
Full MatrixSpace of 3 by 3 dense matrices over

Rational Field

MatrixSpace(QQ,3,4) paxind s 3x4 abal 13 ¢liad aul il :ddaadle

sage: B = M.basis ()
sage: len (B)

sage: B[1]
[O 1 O]

26



[0 O O]

sage: A = M(range(9)); A

sage: M = MatrixSpace (GF(2),4,8)
sage: A = M([1,1,0,0, 1,1,1,1, 0,1,0,0, 1,0,1,1,
Ce et o,0,1,0, 1,1,0,1, 0,0,1,1,1,1,1,01)

sage: A

[1 1 001111]
[01 001 011]
[001 0110 1]
(001 1111 0]
sage: rows = A.rows ()

(¢, 6, o, o, (1, 1, 0, 0), (0, 0, 1, 1), (O,
OI OI 1)/ (11 ll ll l)l (ll OI l/ l)/ (11 1/ OI

sage: Irows

27



Finite Vector Space 25l gaial cladll e subspace isi slad o yai
i) G yhand) ol all spanned el F2 ala) AU

sage: V = VectorSpace (GF(2),8)

sage: S = V.subspace (rows)

sage: S

Vector space of degree 8 and dimension 4 over
Finite Field of size 2

Basis matrix:

[1 000010 0]
[01 00101 1]
[0O01 0110 1]
[00 01001 1]
sage: A.echelon form()
[1 000010 0]
[01 001 011]
[001 0110 1]
[0O0 01001 1]

28



:Lists, Tuples, and Sequences <laliiall ¢ @il jal) 9 adl i)

Aldl) jealie 55 lLia) g 5 g) (o malie ¢ 3ag Aaild bl ¢ 5 gl ) Ca il
$(0) Diall (e Lgasd i lay

sage: v = [2, 3, 5, 'x', SymmetricGroup(3)]; Vv
(2, 3, 5, 'x', Symmetric group of order 3! as a
permutation group]

sage: type (V)

<type 'list'>

sage: v /[0]

2

sage: Vv ([2]

5

sage: v = [1,2,3]

sage: Vv/[2]

3

sage: n = 2 # SAGE Integer
sage: v[n] # Perfectly OK!
3

sage: v[int (n)] # Also OK.

3

(Sage 8L e il ) Python A8LE e 438 Al &3 (Jlaw ) range Al

sage: range(l, 15)
(L., 2, 3, 4, 5, o, 7, 8, 9, 10, 11, 12, 13, 14]

((La salal) agdl | )iS 2ol Python 4ad 48 jaa ) 408 (5 <3

29



sage: L = [factor(n) for n in range(l, 15)]
sage: print L

(1, 2, 3, 272, 5, 2 ~ 3, 7, 2°3, 372, 2 * 5, 11,
272 * 3, 13, 2 * 7]

sage: L[12]

13

sage: type(L[12])

<class

'sage.structure.factorization integer.IntegerFac
torization'>

sage: [factor(n) for n in range(l, 15) if

1s odd(n)]

(1, 3, 5, 7, 372, 11, 13]

for 5,51 e 5_ole 25 list comprehensions a3 sill egdl) ClasaU el Slla
(e all 3 oS Hlail) AdilE o oSl aal g o b

:List slicing 4ill) g yd

L a4l e L[m:n] M e‘.l&iu}.)

sage: L = [factor(n) for n in range (1, 20)]
sage: L[4:9]

(5, 2 * 3, 7, 2°3, 372]

sage: print L[:4]

[1, 2, 3, 272]

sage: L[14:4]

[]

sage: L[14:]

[3 x5, 274, 17, 2 * 372, 19]

30



:Tuples <L )

L i S Ll 5 s s immutable b s 46lS) axe sacle a3l sill Jie b g

sage: v = (1,2,3,4); v

(1, 2, 3, 4)

sage: type (V)

<type 'tuple'>

sage: v[1] = 5

Traceback (most recent call last):

TypeError: 'tuple' object does not support item
assignment

:Sequences <laliiall

common d)ﬁ.&aﬂ\j}i@ai\.@uﬂu‘:@g;o%@;%\é@iﬁlﬂaﬁ
sequences universe Gl oS e parent

sage: = Sequence([1,2,3,4/57)

sage:

[1, 2, 3, 4/5]

sage: type (V)

<class

'sage.structure.sequence.Sequence generic'>

sage: type(v([l])

<type 'sage.rings.rational.Rational'>

sage: v.universe ()

Rational Field

sage: v.is immutable ()

\4
\4

False
sage: v.set immutable ()
sage: v[0] = 3

Traceback (most recent call last):

31



ValueError: object is immutable; please change a
copy 1instead.

Al sill 4 axaing lSa (of 8 Lgaladiin) Sy g 20l g8l (e (3L Cilrgliiall

sage: v = Sequence([1,2,3,4/571)
sage: 1sinstance (v, list)

True

sage: list (v)

(1, 2, 3, 4/5]

sage: type(list(v))

<type 'list'>

clalile & vector spaces Claiall Ciliad i basis 4l ) sladdl AT Jlis
(2> s = 13 5) immutable sequences il 4G e

sage: V = Q0"3; B = V.basis(); B
[

(1/ O/ O)/

(0, 1, 0Q),

(0, 0, 1)

sage: type (B)

<class
'sage.structure.sequence.Sequence generic'>
sage: B[0] = B[1]

Traceback (most recent call last):

ValueError: object i1s immutable; please change a
copy 1instead.

sage: B.universe ()

Vector space of dimension 3 over Rational Field

32



:Dictionaries ! sil!

L Si ok ) 5 associative array obie caa Llal aw s dictionary os s<lall
pairs in a gl emiy (ZUe 1 dad g paic) G OSE 5 A glaadl alasiily
dictionary

sage: d = {1:5, 'sage':17, ZZ:GF(7)}
sage: type (d)
<type 'dict'>
sage: d.keys{()
[1, 'sage', Integer Ring]
sage: d['sage']
17
sage: d[zZ]
Finite Field of size 7
sage: d[1]
5

[ AUIS AaiE ) e a8l o ga3 (S
sage: d.items ()

[(1, 5), ('sage', 17), (Integer Ring, Finite
Field of size 7)]

UAJA&S\G\J)\‘_ALJJJ\JJ\JSSS\Q_}LLA}
sage: d = {2:4, 3:9, 4:106}

sage: [a*b for a, b in d.iteritems() ]
[8, 27, 0©04]

33



:Sets <o saaa

Aok cillee e B8LYL Y o) de gendd) 3 peaie S 13 Lad g pal) Ganll arsin

sage: X = set([1,19,'a']l); Y = set([1,1,1,
2/31)

sage: X # random sort order
{1, 19, 'a'}

sage: X == set(['a', 1, 1, 191)
True

sage: Y

{2/3, 1}

sage: 'a' in X

True

sage: 'a' in Y

False

sage: X.intersection (Y)

{1}
Python g 4,ladl bl jal sa led Al y Cle gaaall e paladl 4 53 Sage llia

sage: X = Set ([1,19,'a']l); Y = Set([1,1,1,

2/31)

sage: X # random sort order
{ta', 1, 19}

sage: X == Set(['a', 1, 1, 191)
True

sage: Y

{1, 2/3}

sage: X.lintersection (Y)

{1}

sage: print latex (Y)
\left\{1l, \frac{2}{3}\right\}
sage: Set (z22)
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Set of elements of Integer Ring

:Iterators < Sal)

sage: v = (n”2 for n in xrange(10000000))
sage: next (v)

0

sage: next (v)

1

sage: next (v)

4

Lad dd g p Cun 4 p + 1 IS8 (e Y Q85 e ) S5 a3 g

sage: w = (4*p + 1 for p in Primes () if
1s prime (4*p+1))
sage: w # in the next line, 0xb0853déc

is a random 0x number
<generator object at 0xb0853do6c>
sage: next (w)

13
sage: next (w)
29
sage: next (w)
53

L integers dsasall sl finite fields 4kl Jiall Jie rings <lilal) (s

Laldll Lgdl ) Sa
sage: [x for x in GF (7) ]
(o, 1, 2, 3, 4, 5, 6]
sage: W = ((x,y) for x in Z7Z for y in 77)
sage: next (W)
(0, 0)

sage: next (W)
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(0, 1)
sage: next (W)
(O/ _1)

Loops, Functions, Control <l bal 5 aSaill Jaag Jigdll ¢ iyl
-Statements, and Comparisons

sage: for 1 in range(5):
- print (i) # now hit enter twice

8) ol aadiigy == Laiy DU aadiiy = )l

sage: for 1 in range(1l5):
c et 1f gcd(i,15) ==
c e print (1)

sage: def legendre(a,p):
R 1s sqgr modp=-1
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e for i1 in range (p):
e if a $ p == 172 %
5555 9 is sgr modp=1
ceat return 1s sqgr modp

p:

sage: legendre(2,7)
1
sage: legendre(3,7)
-1

sfor 5if deall e il e de g S 51 2ang indentation sl Juell caS sy

.while
sage: 2 < 3.1; 3.1 <=1
True
False
sage: 2/3 < 3/2; 3/2 < 3/1
True
True
e\é‘f)f\ é\d &u d);ﬁ LJ}u ("GJ‘ O 1 !=, <=, >:, >, <, dla Q\JJM\ u\ Lay
g5l patil
sage: 2 < CC(3.1,1)
True
O Lﬁi :\JJ\L\ C_'.L;L..u
sage: 5 < VectorSpace (QQ, 3) # output can be
somewhat random
True

sage: x < x + 1
x < x + 1
sage: bool(x < x + 1)

True
A el & Hladl hool AalSl) andind
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sage: 1 is 2/2

False

sage: int(l) is int(2)/int (2)

True

sage: 1 is 1

False

sage: 1 == 2/2

True

sage: GF(5) (1) == QQ(1); QQ(l) == GF(5) (1)
False

False

sage: GF(5) (1) == Zz(1); z2Z(1l) == GF(5) (1)
True

True

sage: ZZ (1) == QQ(1)

True

sage: magma ('GF(5)!1 eqg Rationals()!1")
# optional - magma
true
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Sage for Statistics : Sage 4 sLasy)

O baaiose Gilalaall &gy g dplaa ) cililuall & 5 S ) yasa SageMath Slliay
R &+ 5 (Scipy.stat J3& () Python

sage: mean([1,2,3,5])
11/4
sage: std([1,2,2,4,5,6,8])
bl il Y std
sgrt (19/3)

sage: data = ([1.2, 1.5, 1.3, 1.6, 1.1, 1.4,
1.5, 1.1, 1.5, 1.5])

sage: data
(,.2,1.5,1.3,1.6,1.1,1.4,1.5,1.1,1.5,1.5]
sage: mean (data)

1.37

sage: std(data)

0.182878222991269

sage: median (data)

1.45

sage: mode (data)

[1.5]
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sage: max (data)
1.60000000000000
sage: min (data)

1.10000000000000

sage: import scipy.stats

sage: binom dist = scipy.stats.binom (20, .05)
sage: bar chart([binom dist.pmf (x) for x in
range (21) 1)

0.35
0.3
0.25
0.2
0.15
0.1

0.05

sage: data=([1.2,1.5,1.3,1.6,1.1,1.4,1.5,1.1, 1.5, 1.5])

sage: scipy.stats.describe (data)
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(10, (1.1, 1.6),

1.3699, 0.03344, -0.4526, -1.296)
sage: sclpy.stats.ttest lsamp(data,l.4)
(array (-0.51875), 0.6164)
sage: z=([2.8, 3.4, 3.7, 2.2, 2.0])
sage: scipy.stats.kstest(z, 'norm')
(0.9772, 1.2188e-08)
sage: z=([2.8, 3.4, 3.7, 2.2, 2.0])
sage: scipy.stats.kstest(z,'t', (4,))
(0.9419, 1.3193e-06)
sage: x=([2.9, 3.0, 2.5, 2.6, 3.21)
sage: sclpy.stats.ks Zsamp (x, z)

(0.4, 0.697)
sage: import numpy
sage: from scipy.optimize import curve fit
sage: def func(x, a, b):

return a*x + b

sage: x = numpy.linspace (0,10, 100)
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sage: y = func(x, 1, 2)

sage: yn =y + 0.9 * numpy.random.normal (size =
len (x))
sage: popt , pcov = curve fit (func, x, yn)

sage: popt; pcov

array ([ 0.96397614, 2.26985691])

array ([[ 0.00089214, -0.00446069],
[-0.00446069, 0.02988812]11)

Using R from within Sage SageMath Ja)s (s R aladiu)

Sage J3a R plasiny 3 588 § )k s g
R o g0 aldasi oy i il 6l Jsm 1() s Ll -1

Sage oVl W il r.method( ) JM& e R el sl aadins -2

:Jl
sage: x=r([2.9, 3.0, 2.5, 2.6, 3.2]) # normal
subjects
sage: y=r([3.8, 2.7, 4.0, 2.41) # with
obstructive airway disease
sage: z=r([2.8, 3.4, 3.7, 2.2, 2.0]) # with
asbestosis
sage: a = r([x,y,z]) # make a long R vector of
all the data
sage: b = r.factor (5*[1]+4*[2]+5*[3]) # create

something for R to tell which subjects are which
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sage: a; b # show them
[1] 2.9 3.0 2.5 2.6 3.2 3.8 2.7 4.0 2.4 2.8 3.4
3.7 2.2 2.0
(1] 111112222 33333
Levels: 1 2 3
sage: r.kruskal test(a,b) # do the KW test!
Kruskal-Wallis rank sum test

data: sagel’7 and sage33
Kruskal-Wallis chi-squared = 0.7714, df = 2, p-
value = 0.68

G siall 4 sl alaiinl R Jaly Gauad dleaa S dea & R alaaiay 43 )k Juail
percent directive”%or

sl
sage: 3r
sage: X =
c(18,23,25,35,65,54,34,56,72,19,23,42,18,39,37)
sage: y =

c(202,186,187,180,156,169,174,172,153,199,193,17
4,198,183,178)

sage: png ()

sage: plot(x,vVy)

sage: Im(y ~ X)

sage: abline(lm(y ~ X))

sage: dev.off ()

Call:
Im(formula = y ~ X)

Coefficients:
(Intercept) X
210.0485 -0.7977

43



null device
1
Call:
Im(formula = y ~ X)

Coefficients:
(Intercept) X
210.0485 -0.7977

null device
1

200

190

180

170

160
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Glalaad) &HQA Sage

SageMath A g ddalidal) :\,.'.A.A.d‘ X) :\,.\hi.“ ZAAA

11 JUa
Max 8x, +5x,
St 2x+ x, <1000
3x, + 4x, < 2400
x,+ x, <700
X — X, =350
X.%x, =0
1pl = MixedIntegerLinearProgram( maximization =
True)
x = lpl.new variable (nonnegative = True)
lpl.set objective( 8*x[1] + 5*x[2])
lpl.add constraint (2*x[1] + x[2] <= 1000)
lpl.add constraint ( 3* x[1] + 4*x[2] <= 2400)

lpl.add constraint (x[1] + x[2] <= 700 )
lpl.add constraint (x[1]- x[2] <= 350 )
lpl.show ()

lpl.solve ()

lpl.get values (x)

lpl.get values(x[1])

lpl.get values(x[2])
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lpl.polyhedron ()
2 Jba

Max. 12000X, +20000.X,
St. 2X, + 6X,<27
X,22
3X, + X, <19
X,,X, >0 and integers

lp3 = MixedIntegerLinearProgram( maximization =
True)

x = lp3.new variable (nonnegative = True, integer
= True)

lp3.set objective( 12000*x[1] +20000*x[Z2])
lp3.add constraint (2*x[1] + 6*x[2] <= 27)
lp3.add constraint( x[2] >= 2)
lp3.add constraint (3*x[1] + x[2] <= 19 )
1lp3.show ()
lp3.solve ()
lp3.get values (X)
lp3.polyhedron ()

:3 Jla

Transportation Problem Ji 4dSéa

U s )60 S e B Gk e Aa )98 ah (oAl (paa Y uaiias 48 A
alias a5 il S0 e ) adbaall (e Jail) A8SS S 5 aibiaal) area (A (g sl Bas )
AU Jpaad) 8 bl s
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Distribution Distribution  [Distribution Center 3
[Center 1 [Center 2

Plant A 4 6 4

Plant B 6 5 2

&jghj60)ﬁy\&@gemds&wi}”dk&H%\@BJA#J&.\S“\:\S&
LosillBan 540 zUsy ;558 S

AR () 4S5 Gy 358 S pe ) aiae IS (e JE AN Claa 1) aae agaa sl
¢ Sagle S8l Jaill

lpnet =
= False)

MixedIntegerLinearProgram( maximization

x = lpnet.new variable (nonnegative = True)

lpnet.set objective (4*x[1,1] + 6*x[1,2] +

6*x[2,1] + 5*x[2,2] + 4*x[3,1] + 2*x[3,2])
lpnet.add constraint (x[1,1] + x[1,2] >= 40)
lpnet.add constraint (x[2,1] + x[2,2] >= 40)
lpnet.add constraint (x[3,1] + x[3,2] >= 40)
lpnet.add constraint (x[1,1] + x[2,1] + x[3,1]
<= 60)

lpnet.add constraint (x[1,2] + x[2,2] + x[3,2]
<= 60)

lpnet.show ()

lpnet.solve ()
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lpnet.get values (X)

Minimization:
4.0 x 0+ 6.0x 1+ 6.0x2+5.0x3+4.0
x 4+ 2.0 x5

Constraints:
- x 0 -x1<=-40.0
- X 2 - x 3<=-40.0
- X 4 - x5 <= -40.0
x 0+ x 2+ x4 <=60.0
x 1 +x 3+ x5 <=560.0
Variables:

x 0 1s a continuous variable (min=0.0,
max=+00)

x 1 1s a continuous variable (min=0.0,
max=+00)

X 2 1s a continuous variable (min=0.0,
max=+00)

x 3 1s a continuous variable (min=0.0,
max=+00)

x 4 1s a continuous variable (min=0.0,
max=+00)

x 5 1s a continuous variable (min=0.0,
max=+00)
{(1, 1): 40.0,

(1, 2): 0.0,
(2, 1): 20.0,
(2, 2): 20.0,
(3, 1): 0.0,
(3, 2): 40.0}
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4 Jls
Assignment Problem (22adll) panadill e JUa

daylile e giie dalin 31 200 Al leed Cpabic aaad dalus G dl Gyl asd

el 5 2 8 5 e (oS Gadll Al e e 50 e peie IS T Cpalon day )Y
AU Al clilie 8 (AL agie JST 6ol Juadl e iy 45

Backstroke [Breaststroke|Butterfly Freestyle
37.7 43.4 33.3 29.2

B 32.9 33.1 28.5 26.4

IC 33.8 42.2 38.9 29.6

D 37 34.7 30.4 28.5

E 35.4 41.8 33.6 31.1

a8 land) Ailiun il (yialins 4 (e (055 (g il y0n3 el 3y

lpnet = MixedIntegerLinearProgram( maximization
= False)
x = lpnet.new variable (nonnegative = True,

binary = True)

lpnet.set objective (37.7*x[1,1] + 43.4*x[1,2] +
33.3*x[1,3] + 29.2*x[1,4] + 32 9*x[2,1] +
33.1*x[2,2] + 28.5*x[2,3] + 26.4*x[2,4] +
33.8*x[3,1] + 42.2*x[3,2] + 38.9*x[3,3] +
29.6*x[3,4] + 37.0*x[4,1] + 34.7*x[4,2] +



30.4*x[4,3] + 28.5*x[4,4] + 35.4*x[5,1] +
41.8*x[5,2] + 33.6*x[5,3] + 31.1*x[5,4])

lpnet.add constraint (x[1,1] + x[1,2] + x[1,3] +
x[1,4] <= 1)

lpnet.add constraint (x[2,1] + x[2,2] + x[2,3] +
x[2,4] <= 1)

lpnet.add constraint (x[3,1] + x[3,2] + x[3,3] +
X[3,4] <= 1)

lpnet.add constraint (x[4,1] + x[4,2] + x[4,3] +
x[4,4] <= 1)

lpnet.add constraint (x[1,1] + x[2,1] + x[3,1] +
x[4,1] == 1)

lpnet.add constraint (x[1,2] + x[2,2] + x[3,2] +
x[4,2] == 1)

lpnet.add constraint (x[1,3] + x[2,3] + x[3,3] +
x[4,3] ==1)

lpnet.add constraint (x[1,4] + x[2,4] + x[3,4] +
x[4,4] == 1)

lpnet.solve ()
126.2
lpnet.show ()

Minimization:

37.7T x 0+ 43.4 x 1 + 33.3 x 2 + 29.2 x 3 +
32.9 x 4 + 33.1 x 5+ 28.5 x 6 + 26.4 x 7 + 33.8
x 8+ 42.2 x 9 + 38.9 x 10 + 29.6 x 11 + 37.0
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x 12 + 34.7 x 13 + 30.4 x 14 + 28.5 x 15 + 35.4

~

x 16 + 41.8 x 17 + 33.6 x 18 + 31.1 x 19
Constraints:
x 0+x1+x 2+ x3<=1.0
x4+ x5+ x6+x7<=1.0
x 8+ x 9+ x 10+ x 11 <= 1.0
x 12 + x 13 + x 14 + x 15 <= 1.0
1.0 <=x 0+ x4+ x 8+ x 12 <=1.0
1.0 <=x 1+ x5+ x 9+ x 13 <=1.0
1.0<=x 2+ x 6 +x 10 + x 14 <= 1.0
1.0 <=x 3 +x 7+ x 11 + x 15 <= 1.0
Variables:
x 0 1s a boolean variable (min=0.0, max=1.0)
x 1 i1s a boolean variable (min=0.0, max=1.0)
X 2 1s a boolean variable (min=0.0, max=1.0)
X 3 1s a boolean variable (min=0.0, max=1.0)
x 4 1s a boolean variable (min=0.0, max=1.0)
x 5 1s a boolean variable (min=0.0, max=1.0)
X 6 1s a boolean variable (min=0.0, max=1.0)
x 7 1s a boolean variable (min=0.0, max=1.0)
X 8 1s a boolean variable (min=0.0, max=1.0)
x 9 1s a boolean variable (min=0.0, max=1.0)
x 10 1s a boolean variable (min=0.0, max=1.0)
x 11 is a boolean variable (min=0.0, max=1.0)
x 12 1s a boolean variable (min=0.0, max=1.0)
x 13 1s a boolean variable (min=0.0, max=1.0)
x 14 1s a boolean variable (min=0.0, max=1.0)
x 15 i1s a boolean variable (min=0.0, max=1.0)
x 16 1s a boolean variable (min=0.0, max=1.0)
x 17 is a boolean variable (min=0.0, max=1.0)
x 18 1s a boolean variable (min=0.0, max=1.0)
x 19 is a boolean variable (min=0.0, max=1.0)

lpnet.get values (X)
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:5 Jba
G il A1,
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Min  599x,, +180x,; +497x,, +691x, ; +420x, ; +
432x,, +893x, , +345x, ( +440x, ( +554x,, +
432x,  +621x, , +280x, 4 +500x,  +577xg, +
290x, o +268x,,, +116x,,,, +403x,,, +314x,, |,

ST x,+x;+x,=1

X5+ X, 5 —x,=0

X4+ X5, —X;=0

Xpo =Xy = X4 =0

X6+ Xs9=X,5=0

Xo g+ Xg0 =Xy = X4 Xs5 =0
Xp5+ X700 =%, =0

Xgo +Xg 10 = Xgg — X753 =0
Xo 1y =X 5 = Xg9 =X =0
X1+ Xi0.12 = X750 = Xg 50 =0
X112 = X0 =0

“Xo12 T X002 T X2 T 0

All x,'s=0orl

lpnet = MixedIntegerLinearProgram( maximization
= False)

x = lpnet.new variable (nonnegative = True,
binary = True)

lpnet.set objective (599*x[1,2] + 180*x[1,3] +
497*x[1,4] + 691*x[2,5] + 420*x[2,0] +
432*x[3,4] + 893*x[3,7] +

345*x[4,0] + 440*x[5,6] + 554*x[5,9]
432*x[6,8] + 621*x[6,9] + 280*x[7, 8]
500*x[7,10] + 577*x[8,9] +

_|_
_|_
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290*x[8,10] + 268*x[9,12] + 1l6*x[10,11]

403*x[10,12]
lpnet.

== 1)

lpnet
== 0)

lpnet.

== 0)

lpnet.

== 0)

lpnet.

== 0)

lpnet.
x[4,0]

lpnet.

== 0)

lpnet.
x[7,8]

lpnet.add constraint (x[9,12]
x[8,9]

add constraint (x[1,2]

.add constraint (x[2, 5]

add constraint (x[3, 4]

add constraint (x[4, 6]

add constraint (x[5, 6]

add constraint (x[6, 8]
- x[5,0] == 0)

add constraint (x[7, 8]

add constraint (x[8, 9]

== 0)

== 0)

+ 314*x[11,12])

_|_

lpnet.add constraint (x[10,11]
x[7,10] - x[8,10] == ()

lpnet.add constraint (x[11,12]

lpnet.add constraint (-x[9,12]
x[11,12] == -1)

lpnet.
lpnet.

solve ()

get values (x)
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x[1,3] + x[1,4]

x[2,06] - x[1,2]

x[3,7] - x[1,3]

x[1,4] - x[3,4]

X[5, 9} - X[2/5}

x[6,9] - x[2,6]

x[7,10] - x[3,7]

X[8,10} - X[6/8}

+ x[9,5] - x[6,9]

+ x[10,12]

- x[10,11]
- x[10,12]

_|_
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Q O O O «u u v

(1, 2): 0.0,
(1, 3): 0.0,
(1, 4): 1.0,
(2, 5): 0.0,
(2, 6): 0.0,
(3, 4): 0.0,
(3, 7): 0.0,
(4, 6): 1.0,
(5, 6): 0.0,
(5, 9): 0.0,
(6, 8): 0.0,
(6, 9): 1.0,
(7, 8): 0.0,
(7, 10): 0.0,
(8, 9): 0.0,
(8, 10): 0.0,
(9, 5): 0.0,
(9, 12): 1.0,
(10, 11): 0.0,
(10, 12): 0.0,
(11, 12): 0.0}
= Graph (12)

.add edge(1,2,599)
.add edge (1, 3,180)
.add edge (1,4,497)
.add edge (2,5,691)
.add edge (2,6,420)
.add edge (3,4,432)

Graph Theory a4y i aladinly Jall
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.add edge (3,7,893)
.add edge (4,06, 345)
.add edge (5,6,440)
.add edge (5,9,554)
.add edge (6,8,432)
.add edge (6, 9,621)
.add edge(7,8,280)
.add edge (7,10,500)
.add edge (8,9,577)
.add edge (8,10,290)
.add edge (9,12,268)
.add edge (10,11,116)
.add edge (10,12,403)
.add edge (11,12,314)

L Q© © © O O O © O« O v «u «u «u «

.show ()

from sage.graphs.distances all pairs import
shortest path all pairs

shortest path all pairs(qg)

{O: {O0: None,
: None,
None,
None,
None,
None,
None,
None,

o O WDN
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8: None,
9: None,
10: None,
11: None,
12: None},
1: {0O: None,
: None,
1,
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11: 10,
12: 9},
2: {0: None,
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10: 8,
11: 10,
12: 9},
None,

~ ~

~

~ ~ ~
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5: 9,

o: 8,

7: 10,

8: 10,

9: 12,
10: 11,
11: None,
12: 113,
12: {0: None,
1: 2,

2: 5,

3: 7,

4: o,

5: 9,

o: 9,

7: 10,

8: 9,

9: 12,
10: 12,
11: 12,

12: None}}
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Max  x,+x,
St
Xy3 F Xy T X6 =X, =%, =0
Xyp T2y 5 F 250X 3 =Xy 3 = X3 =0
Xyt X7 =X, =X, =0
Xsg X5 7= X5 =X 5=0
Xg3 T Xg gt Xg5H X7 =X 6= X5 0— X, 6= X5 =0
X, <10
x5 <10
X5 <1
X,4 <8
X,6 <6
X5, <1
Xy 5 <12
Xy <4
X6 <3
X,7 57
Xs6 <2
X5, <8
Xe3 <4
Xe4 <3
Xes <2
Xe7 S2

All x,;'s20

lpnet = MixedIntegerLinearProgram( maximization
= True)

x = lpnet.new variable (nonnegative = True)
lpnet.set objective (x[1,2] + x[1,3])
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lpnet.add constraint (x[2,3] + x[2,4] + x[2,6] -
x[1,2] - x[3,2] == 0)

lpnet.add constraint (x[3,2] + x[3,5] + x[3,06] -
x[1,3] - x[2,3] - x[6,3] == 0)

lpnet.add constraint (x[4,6] + x[4,7] - x[2,4] -
x[6,4] == 0)

lpnet.add constraint (x[5,6] + x[5,7] - x[3,5] -
x[6,5] == 0)

lpnet.add constraint (x[6,3] + x[6,4] + x[6,5] +
x[6,7] - x[2,6] - x[3,6] - x[4,6] - x[5,6] == 0)
lpnet.add constraint (x[1,2] <= 10)

lpnet.add constraint (x[1,3] <= 10)

lpnet.add constraint (x[2,3] <= 1)

lpnet.add constraint (x[2,4] <= 8)

lpnet.add constraint (x[2,6] <= 6)

lpnet.add constraint (x[3,2] <= 1)

lpnet.add constraint (x[3,5] <= 12)

lpnet.add constraint (x[3,6] <= 4)

lpnet.add constraint (x[4,6] <= 3)

lpnet.add constraint (x[4,7] <= 7)

lpnet.add constraint (x[5,6] <= 2)

lpnet.add constraint (x[5,7] <= 8)

lpnet.add constraint (x[6,3] <= 4)

lpnet.add constraint (x[6,4] <= 3)

lpnet.

add constraint (x[6,5] <= 2)
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lpnet.add constraint (x[6,7] <= 2)

lpnet.solve ()

17.0

lpnet.get values (X)
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[tem Weight Rating

Ant Repellent 1 2
Pepsi 3 9
Blanket 4 3
Meat 3 8
Cakes 3 10
Football 1 6
Salad 5 4
Watermelon 10 10
Sum 30

from sage.numerical.knapsack import knapsack

knapsack( [(1,2), (3,9), (4,3), (3,8), (3,10),
(116)/ (5,4), (]—O/]—O)]/ max=1D5)

[38.0, [(1, 2), (3, 9), (4, 3), (3, 8), (3, 10),
(1, 6)]1]
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-8 JUa

:Markov chain model <85S jle dlulis =3 gad

diad re=1 s aP=n Q> n={7,7,,....7,} s )Y Al s alagl 3 3

PP

- Juay|

0.75 0.1 0.05 0.1
04 02 01 03
0.1 02 04 03
02 02 03 03

= matrix([[ 0.75,0.1,0.05,0.17,
4,0.2,0.1,0.37,
1,0.2,0.4,0.31,[0.2,0.2,0.3,0.311)
=tp”1000

FHAFRFARFAAS OR HHHARFHARFH AR HH AR

PP
PP

(0.

0.75,0.1,0.05,0.17,
.31,
.31,10.2,0.2,0.3,0.311)

vector ([0.2, 0.3, 0.4, 0.11)

= p * tp”1000

475000000000023, 0.152500000000007,

0.167500000000008, 0.205000000000010)
G O S 2 o
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tp = matrix(QQ,I[[ .75,.1,.05,.11, [.4,.2,.1,.3],
[.1,.2,.4,.31,0.2,.2,.3,.311])

elgen = tp.eigenvectors left ()
eigen
pi = [k[1][0] for k in eigen 1if k[0] == 1][0]

pi = [k / sum(pi) for k in pi]
pl
[19/40, 61/400, 67/400, 41/200]
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1- Statistics with Python by Examples
2- Statistical Packages using R, Python and EDAT

http://www.abarry.ws/ 235 e

3- http://doc.sagemath.org/html/en/tutorial/tour linalg.html
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